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Kardar-Parisi-Zhang Scaling in Time-Crystalline Matter
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We discuss the universal behavior linked to the Goldstone mode associated with the spontaneous
breaking of time-translation symmetry in many-body systems, in which the order parameter traces out a
limit cycle. We show that this universal behavior is closely tied to Kardar-Parisi-Zhang physics, which can
strongly affect the scaling properties in all dimensions. Our Letter predicts and rationalizes the emergence
of Kardar-Parisi-Zhang in numerous systems such as nonreciprocal phases in active matter, active magnets,
driven-dissipative quantum systems, and synchronization of oscillators.
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Introduction—Time-translation symmetry is a fundamen-
tal symmetry of matter in and out of equilibrium. Breaking it
spontaneously is impossible in thermodynamic equilibrium
governed by a bounded Hamiltonian [1-4], but it occurs
both in quantum and classical systems far from equilibrium.
A particular incarnation is dynamical limit cycles—or con-
tinuous time crystals—where the macroscopic order param-
eter retains a periodic motion. This phenomenon has recently
gained much attention experimentally as well as theoretically
in engineered quantum systems, ranging from ultracold
Bose condensates immersed into optical cavities [5-9] over
dissipative Bose condensates such as exciton-polariton sys-
tems [10—12], magnon condensates [13—18], and continuous
dissipative time crystals [9,19-22]. But limit cycles in many-
body systems are also relevant in classical systems [23-28], in
particular through synchronization of oscillators relevant in
many different contexts, including in biology and chemistry
[29,30]. Recently, realizations of such phases have gained
much interest in active matter setups—for example, in
systems with nonreciprocal interactions [31-41] and chiral
rotating states [42,43], and through generalization to “active”
magnetic systems [44—47].

Since time translations form a continuous symmetry, its
spontaneous breaking gives rise to a gapless mode as a
consequence of the Goldstone theorem [33,48—51]. Because
time-translation invariance is generically an exact sym-
metry, this Goldstone mode must be a robust origin of
universal scaling throughout extended regions of parameter
space in a plethora of nonequilibrium systems. In this Letter,
we distill the universal behavior connected to spontaneous
time-translation symmetry breaking in driven open systems,
with an emphasis on limit-cycle phases. Two key factors
determine their universal physics. First, the limit cycle
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periodicity itself dictates that the Goldstone mode of
time translations [33,49,52] is an angular variable. Second,
the necessarily nonequilibrium character of the underlying
dynamics, together with the continuous growth of the limit-
cycle phase, implies that this Goldstone mode is subject to
the nonlinearity of the paradigmatic Kardar-Parisi-Zhang
(KPZ) equation [53-55]. The Goldstone mode dynamics
is thus governed by a compact KPZ equation [42,56-59].
The universal scaling behavior is then expected to show
both a regime governed by the KPZ universality class,
but also regimes dominated by the presence of vortex
defects allowed by the compactness of the limit-cycle
variable [60-63]. These theoretical findings are comple-
mented by numerical simulations of extended Van der Pol
systems in one and two spatial dimensions.

The emergence of the compact KPZ physics has been
observed in numerous contexts—for example, in classical
time-dependent periodic states [64—70]—but also as a
realization through the phase variable of a broken quantum
mechanical phase rotation symmetry [57,71]. This mecha-
nism led to an experimental observation of the KPZ physics
in one-dimensional exciton-polaritons [72]. Our Letter
reveals the common root behind these observations. The
robust symmetry based mechanism also paves the way to
systematically identify platforms that fall into the compact
KPZ universality class.

Time-translation symmetry breaking—A system is said
to be time-translation invariant if its time evolution does not
explicitly depend on time, i.e., it iS not subject to time-
dependent forces or interactions. Time-translation sym-
metry is then broken spontaneously if in the stable state
there is an observable collective degree of freedom that has
a time-dependent expectation value (¢(z,x)) = ¢(t), or
equivalently

(#(2,x)$(0,0)) — ¢()p(0)

for |x|, |t] = 0. (1)
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A time crystal thus necessitates a long-range order—as in
usual symmetry-breaking scenarios—of a coherent, time-
dependent periodic motion. Symmetry breaking is only
possible in a thermodynamically large system, and typi-
cally occurs in dimensions larger or equal to three for
continuous symmetries. However, in low dimensions,
symmetry-breaking and Goldstone modes are well known
to be, in and out of equilibrium, fruitful starting points
around which to expand in order to understand the long-
wavelength physics [73-75].

Our approach encompasses both quantum and classical
systems driven out of equilibrium. In the more general
quantum case, we rely on an open system Schwinger-
Keldysh generating functional [71,76] that takes the form
(see Supplemental Material (SM) for details [77])

20.J) = / DHDG exp(iSlp. b + iT + iId). (2)

where J,J are source terms that are needed to extract
response and correlations functions, and qﬁ,(i) are multi-
component fields that can be chosen real without loss of
generality [83]. ¢ is the order parameter field, while ¢ is its
corresponding response field. For the description of col-
lective effects in generic driven open quantum systems, a
semiclassical limit can be taken [71,84] in which the
Schwinger-Keldysh action reduces to the Martin—Siggia—
Rose-Janssen—De Dominicis action [85-87]. While still
able to capture effects of quantum mechanical origin like
phase coherence, this description is formally equivalent to
classical stochastic Langevin dynamics.

In this formulation, a system is time-translation sym-
metric if the microscopic action S[¢, (]3] does not depend on
time explicitly but only implicitly through ¢(7), (7). The
system spontaneously breaks (weak) time-translation sym-
metry if the noise-averaged expectation value of the
classical field is explicitly time-dependent, d,(¢p(z)) =
0,¢(1) # 0 [88]. In the case of a time crystal, (¢p(r)) traces
out a closed orbit with period 7', which can be parametrized
by an angular variable 6,€ [0,2x), @(t+60,T) (T =
(T/27)); see also Fig. 1. Discrete time translations by T
remain unbroken. This is analogous to an ordinary crystal
breaking continuous spatial translations down to discrete
ones, but the time crystal is only possible out of equilib-
rium [1,4].

In particular, if () is a valid stable state—a solution of
the equation of motion—so is @ (¢ + 6,T). Formally, we
thus have a continuous manifold of equivalent stable states,
with translations between the different states mediated
by 6,. These transitions are gapless, since the Keldysh
action for different 6, is degenerate, constituting the soft
Goldstone mode (see SM for a more formal derivation).
Again, the argument is analogous to the phonon in an
ordinary crystal. We will refer to the Goldstone mode of
broken time translations as the “chronon.”
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FIG. 1. Visualization of a generic limit cycle ¢,(z). The
Goldstone mode 6(z,x) corresponds to fluctuations along the
limit cycle in the direction &y = @¢(7)/||@o()||, while éy(t,x)
collects all the remaining directions perpendicular to the limit
cycle. The fluctuations along those directions are gapped. Note
that in higher dimensional phase spaces, the limit cycle is still a
one-dimensional closed curve. One can think of the chronon 6 as
the anglelike variable parametrizing this curve. This does not
exclude oscillations of single real degrees of freedom, as their
phase space is composed of ¢ = (¢, 9,¢)7.

To construct the chronon excitations, according to the
usual procedure for Goldstone modes, we now promote the
global symmetry transformation to a local, slowly varying
one: the constant time shift becomes 6, — 6(t,x), which
varies on timescales much larger than the limit cycle period
T. In total we can parametrize spatial fluctuations around
the limit cycle within the path integral as

¢(t,x) = @(t+TO(t,x),x) + N(t,x), (3)

where 6(z,x) corresponds to local, gapless fluctuations
along the limit cycle and N(z,x) collects the gapped
excitations perpendicular to it. Clearly, the chronon is
represented by a compact SO(2) Goldstone mode due to
the limit cycle periodicity; again, see Fig. 1 for a
visualization.

Effective field theory for the Goldstone mode—To
capture the effective dynamics of the chronon, we need
to integrate out the gapped fluctuations N(z,x) and
their respective noises. Before doing this explicitly, we
construct the remaining action S[0(z,x),p(t 4 0(t,x)T)]
based on symmetry. Since we are expanding around a
time-dependent stable state, this will lead to an explicitly
time-dependent action. Because 0(z,x) is fluctuating on
timescales much larger than the period of the limit cycle
> T, we can eliminate these time dependencies by
averaging over a period 7. Afterward, time-translation
invariance of the original model implies invariance under
a constant shift 6(¢,x) + ¢ and the effective field theory for
the chronon is gapless; see SM for details [77]. To leading
order, it has to take the form

S = / é(a,e _zvg Y (ve)Z) ~ DB, (4)
tx 2
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which is equivalent to the KPZ equation, as seen upon
passing from the MSRJD-Keldysh path integral to the
stochastic Langevin formulation [71,84,89].

The quadratic sector here describes a noisy, diffusive
Goldstone mode. The only symmetry allowed interaction is
the KPZ coupling ~gf(V#)?2, which can be relevant and can
therefore impact the long time and distance scaling behav-
ior. In addition, there is a notion of directionality—the
phase @ grows continuously in the direction the limit cycle
is tracing out; see Fig. 1. This excludes a reflection
symmetry @ — —6, and thus the KPZ coupling is symmetry
allowed and will be generated under coarse graining.
Conversely, the KPZ equation necessarily induces growth
and is thus fundamentally linked to time translations in the
context of broken symmetries: the KPZ nonlinearity is
forbidden for any other kind of spatial or internal sym-
metry-breaking pattern, in and out of equilibrium.

Scaling predictions—This framework allows us to pre-
dict the scaling behavior in time crystals. In low dimensions
d =1, 2, the KPZ coupling is relevant, and we expect
strong fluctuations linked to the nondiffusive behavior of
the chronon, measured by the phase correlator Cy(t,x) =
([0(t,x) —60(0,0)]?). Let us discuss how this impacts
generic correlation functions. Since the limit cycle is
periodic with period T = 27/, we can Fourier expand
the order parameter field as @(7) = >, a, cos(nQt + &,),
and fluctuations 6(¢,x) along the limit cycle thus lead to
¢(t,x) =>, a,cos[nQt + nd(t,x) + 5,]. By means of a
cumulant expansion, the correlation function of these
fluctuations thus reads

C(t.x) = (@(1.x) - ¢(0.0))
= Za% cos(nQt + 5n)e—%((e(t,x)—e(o,o))%

~ o~ 3(0(1.6)=0(0.0))%), , (5)

where in the last line, we specify the leading scaling of the
envelope of the correlation function. If the phase fluctua-
tions are within the KPZ universality class, this means that

InC(2,0)~—Ar?

_ 2y V4

InC(t,x) =—-Alx|*C(t/x*) = {lnC(O,x)~—B|x|2*’
where y is the roughness exponent, ff = zy with z the
dynamical critical exponent, and C a universal scaling
function [63,90-93]. The exponents are known exactly in
one dimension d =1: p=1/3, y =1/2, and approxi-
mately in higher dimensions. Specifically, f =~ 0.24 and
¥ ~0.39 [94,95] in d = 2.

Adding to these smooth long-wavelength KPZ fluctua-
tions, there is a second nonlinear effect: The phase
compactness allows for the existence of topological defects,
space-time vortices and solitons in d =1 [62,96], and
(spatial or space-time) vortices in d = 2 [60,61,63]. Once

0,1)

—InC(x
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FIG. 2. Autocorrelation function C(x =0,7) obtained by
numerical simulations of Eq. (7) discretized for a Van der Pol
chain of length 1024, averaged over 1000 noise realizations. The
parameters are r = -y =Z, =u=1,Z; =3, and D = 1. The
autocorrelation function displays rapid oscillations (see inset),
but its envelope (red line) shows the expected KPZ scaling at
sufficiently large scales as shown through the fit for £ € [102, 103
(black dotted line), which yields # = 0.31, which is in very good
agreement with the theoretical value. The right bottom inset
shows a space-time vortex of (¢, d,¢) at higher noise, D = 2.

present, these defects will cause exponential decay of the
correlation functions beyond a scale L, set by their mean
separation. In turn, L, ~ e2/° where A is the activation
action of a defect, and o the noise level, for not too large
nonlinearities. Out of equilibrium, these defects are always
activated in d = 1, 2 [60,61,96], i.e., A does not scale with
system size. However, at low noise level and on inter-
mediate scales |x|, 1« L, one can observe KPZ scaling.
It is worth emphasizing that both effects eventually destroy
any long-range order at large scales.

Chronons in the many-body Van der Pol system—As a
concrete and paradigmatic example, we consider an array
of classical or quantum Van der Pol oscillators in d spatial
dimensions [97-103]. This model has no continuous
internal symmetry that could be broken spontaneously,
and naively, one then might not expect any Goldstone mode
to occur. It can be considered as an effective model for
generic time-translation symmetry-breaking phases arising
from different contexts such as nonreciprocal field theories,
coherently driven and dissipative Bose condensates [33],
and classical oscillators [70]. In the continuum limit, it is
given by

(02 + 2y +ug*—Z,V?)0, + 0} — Z,V*)p+ =0, (7)

where ¢(t,x) is a real scalar field, and &(¢,x) a Gaussian
white noise, (&(¢,x)E(7,x")) = D6(t —1')6(x —x'). Tt fea-
tures limit-cycle oscillations in the regime where the damp-
ing is replaced by an antidamping y < 0. Performing the
adiabatic elimination of the transverse fluctuations and
temporal averaging as anticipated above indeed yields a
KPZ equation for the phase field (see SM for details [77]),
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Simulations of the Van der Pol equation in d = 2 for a square lattice of size 256 x 256,and r = —y =Z, = u =1,Z; = 1.25,

averaged over 1000 realizations. (a) The decay of the equal-time correlation displays KPZ scaling with exponent 2y =~ 0.76 for D = 2, as
shown by the fit (blacked dashed line). The scaling at large |x| is cut off by the finite system size. When D = 2.7, the scaling is
exponential and is associated with spatial vortices; see inset for a snapshot from the corresponding simulation. (b) The autocorrelation
for D = 2 also shows KPZ scaling and the fit (dashed line) yields = 0.24. The inset shows the correlation function for different x
plotted in a scaling form, using the fitted exponents. The scaling is consistent with Eq. (6),and other KPZ simulations [63,104] and

theoretical prediction [93].

0,0 — ZV20 + g (VO)? + & =0, (8)

where all parameters can be expressed in terms of the limit
cycle solutions of the Van der Pol oscillator.

This explicitly bridges the microscopic physics of the
spatially extended Van der Pol system to the macroscopic
physics of the chronon, and thus universal scaling behavior.
To confirm the predicted KPZ scaling in this system,
we perform numerical simulations of the Langevin dynam-
ics (7) in d =1 and d =2. We solve the stochastic
differential equation discretized in real space using the
Euler-Maruyama method, with a time step equal to 10727
The correlation function displays the predicted KPZ scaling
in time in d = 1 (Fig. 2), which has been also observed
independently in [70] as well as topological defects. In two
dimensions, at low noise level we observe KPZ scaling to
excellent accuracy; see Fig. 3. At higher noise level, the
topological defects proliferate, and decays are exponential.

The chronon in various platforms—We finally point out
several instances of systems where the chronon is expected
to emerge, or has already been observed.

Driven-dissipative condensates, but also classical systems
close to a Hopf bifurcation, are typically described by a
complex order parameter y, = \/%e"m [10,25,71,105,106],
breaking an internal U(1) symmetry next to time trans-
lations. However, both symmetries act identically on the
order parameter, namely as a phase shift. The transformation
generated by one of the symmetries can be compensated by a
properly chosen transformation of the other. Consequently,
there is only one independent generator broken, and only one
Goldstone mode emerging. This mode has been theoretically

demonstrated and experimentally observed to display the
behavior of a compact KPZ mode [57,58,63,107]. But, time-
translation symmetry breaking also explains and predicts the
emergence of KPZ scaling in systems where such an internal
continuous symmetry is broken down explicitly either fully,
or to discrete ones, as in coherently driven condensates [ 108]
[U(1)\yZ,], or in nonreciprocal classical magnetic models
[32,109] [SO(2)\\Z4].

Similarly, stable traveling wave states (¢(7,x)) =
¢ocos (Qt —qy-x)) are expected to have a single
Goldstone mode, the chronon, since time and space trans-
lations again act identically on the order parameter. We thus
also predict KPZ scaling, or anisotropic variants of it
[110,111] generically in these systems [23,56]. Examples
are encountered in magnon condensates [14,15], or in
nonreciprocal systems with a conserved order parameter
[34-38,41], which were indeed predicted to display KPZ
physics [112] in some regime, even if the presence of the
additional conservation laws can play a role in general.

Conclusion and outlook—The breaking of the external
continuous symmetry of time translations gives rise to a soft
mode, the chronon, in turn unleashing universal scaling
behavior in extended parameter regimes. Since time-
translation symmetry is not affected by interactions or
microscopic anisotropies potentially spoiling internal sym-
metries; the laid out mechanism is very robust. We have
exemplified this general mechanism for the paradigmatic
example of extended systems of Van der Pol oscillators both
analytically and numerically. This dramatically enlarges the
range of platforms offering prospects for an experimental
realization of the KPZ phase. This allows for experimental
tests of KPZ in higher dimensions, including the roughening
transition in three dimensions.
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We have focused on time-crystalline phases, where time-
translation symmetry is broken down to a periodic motion,
leading to an SO(2) Goldstone mode. The original KPZ
equation describing a growing noisy interface with collec-
tive variable (¢(z,x)) = vt, can likewise be embedded in
the time-translation symmetry-breaking scenario. Formally,
the only difference lies in a linear or a periodic growth of a
collective variable, taking values in R or in R/Z ~ SO(2).
This results in fluctuations described by a compact or
noncompact Goldstone mode, respectively.

In systems realizing time-crystalline order, the respective
phases may break additional internal independent sym-
metries, such as spin rotation symmetries in “active”
[44,45,47], nonreciprocal spin systems [31,46], and multi-
component driven condensates [10,50,113], or space trans-
lation symmetry [15,23,114]. In general, this leads to
additional Goldstone modes that couple to the chronon
[33,50]. Further soft modes can also emerge from con-
served quantities [115], giving rise to out-of-equilibrium
hydrodynamics, particularly relevant in active matter set-
tings. Our theory immediately predicts that the Goldstone
mode of time translations will be subject to KPZ-like
nonlinearities. The couplings to additional soft modes and
potentially modified noise structures may lead to new
universal behavior establishing novel nonthermal phases
of matter with distinct scaling laws [56,116—119]. The
systematic field-theoretic study within nonequilibrium
nonlinear ¢ models represents an intriguing avenue for
future research.
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